The main objective of this paper is understanding the propagation laws obeyed by highfrequency limits of Wigner distributions associated to solutions to the Schrödinger equation on the standard d-dimensional torus T d . From the point of view of semiclassical analysis, our setting corresponds to performing the semiclassical limit at times of order 1/h, as the characteristic wave-length h of the initial data tends to zero. It turns out that, in spite that for fixed h every Wigner distribution satisfies a Liouville equation, their limits are no longer uniquely determined by those of the Wigner distributions of the initial data. We characterize them in terms of a new object, the resonant Wigner distribution, which describes highfrequency effects associated to the fraction of the energy of the sequence of initial data that concentrates around the set of resonant frequencies in phase-space T * T d . This construction is related to that of the so-called two-microlocal semiclassical measures. We prove that any limit µ of the Wigner distributions corresponding to solutions to the Schrödinger equation on the torus is completely determined by the limits of both the Wigner distribution and the resonant Wigner distribution of the initial data; moreover, µ follows a propagation law described by a family of density-matrix Schrödinger equations on the periodic geodesics of T d . Finally, we present some connections with the study of the dispersive behavior of the Schrödinger flow (in particular, with Strichartz estimates). Among these, we show that the limits of sequences of position densities of solutions to the Schrödinger equation on T 2 are absolutely continuous with respect to the Lebesgue measure.
Introduction
In this article, we shall consider solutions to Schrödinger's equation on the standard flat torus
We are interested in understanding the propagation of high-frequency effects associated to solutions to (1) . More precisely, given a sequence (u h ) of initial data which oscillates at frequencies of the order of 1/h (see condition (5) below) we would like to describe in a quantitative manner the propagation of these oscillation effects under the action of the Schrödinger group e it∆x/2 .
Some understanding in this direction can be obtained by analysing the structure of weak * limits of sequences of measures of the form:
where (u h ) is a bounded sequence in L 2 T d and dx denotes the Lebesgue measure on T d . These limiting measures give information about the regions on which the energy of e it∆x/2 u h concentrates; a natural question in this context is to understand their dependence on t; and in particular, their dependence on the initial data (u h ). However, it is usually difficult to deal directly with (2) . This is due to the presence of the modulus in (2) which prevents us from keeping track of the characteristic directions of oscillation of the functions u h . It is preferable instead to consider their Wigner distributions, which are phase-space densities that take into account simultaneously concentration on physical and Fourier space, and which project onto (2) . The main issue addressed in this article is to study the propagation laws obeyed by Wigner distributions of solutions to the Schrödinger equation (1) . As a consequence of our results, we shall prove that for d = 2 a limit of a sequence of densities (2) (corresponding to sequence (u h ) satisfying a standard oscillation condition) is absolutely continuous with respect to the Lebesgue measure. At the end of this introduction we discuss the connections of this result with Strichartz estimates.
Let ψ k (x) := (2π) −d/2 e ik·x , k ∈ Z d , denote the vectors of the standard orthonormal basis of
where δ p stands for the Dirac delta centered at the point p. The distribution w h u is in fact a measure on
; one easily checks that:
Therefore, w h u may be viewed as a microlocal lift of the density |u (x)| 2 to phase space T * T d : it allows to describe simultaneously the distribution of energy of u on physical and Fourier space. The distributions w h u are not positive, although their limits as h → 0 + are indeed finite positive Radon measures. 1 Let us note that the definition of the Wigner distribution in a general compact Riemannian manifold usually depends on various choices (coordinate charts, partitions of unity) that however have no effect on their asymptotic behavior as h → 0 + (see for instance, [13, 17] , and the references therein). Our formula (3) corresponds to identifying elements in
d -periodic and then consider their canonical Euclidean Wigner distributions. One easily checks that this definition is consistent with the generally accepted one. The reader can refer to the book [10] for a comprehensive discussion on Wigner distributions.
We shall assume in the following that (u h ) is bounded in L 2 T d and write
Then, after possibly extracting a subsequence, the associated Wigner distributions at t = 0 converge (see, for instance [11, 12, 16, 13] ):
The measure µ 0 is usually called the semiclassical or Wigner measure of (u h ). In addition, one can recover the asymptotic behavior of |u h | 2 from µ 0 . More precisely:
provided the densities |u h | 2 converge and the sequence (u h ) verifies the h-oscillation property:
Wigner distributions w h u h (t, ·) associated to solutions to the Schrödinger equation are completely determined by those of their initial data w h u h (0, ·) as they solve the classical Liouville equation:
As a consequence of this, it is possible to show that the rescaled Wigner distributions w h u h (ht, ·) converge (after possibly extracting a subsequence) locally uniformly in t to the measure (φ −t ) * µ 0 , where (φ t ) * denotes the push-forward operator on measures induced by the geodesic flow φ t (x, ξ) := (x + tξ, ξ) on T * T d . This result, sometimes known as the classical limit, holds in a much more general setting, see for instance [12, 16, 14] . Equation (6) provides interesting consequences when (u n ) is a sequence of (normalised) eigenfunctions −∆ x . Suppose that −∆ x u n = λ n u n and that lim n→∞ λ n = ∞. Since w h un is quadratic in u n , we have w (6) implies that any semiclassical measure µ 0 of this sequence is invariant by the geodesic flow, i.e. (φ s ) * µ 0 = µ 0 . Moreover, one can show that µ 0 is a probability measure concentrated on the unit cosphere bundle S * T d ; in this context, semiclassical measures are usually called quantum limits. The problem of classifying all possible quantum limits in T d is very hard. Their structure has been clarified by Jakobson [15] for d = 2. For arbitrary d ≥ 1, Bourgain has proved (see again [15] ) that the projection of a quantum limit onto T d (which is an accumulation point of the measures (|u n | 2 )) is absolutely continuous with respect to Lebesgue measure. In particular, the sequence (u n ) cannot concentrate on sets of dimension lower than d. The article [15] also provides partial results when d ≥ 3 (see also [2] ).
When (u n ) is not formed by eigenfunctions, it is not anymore clear that w h un (t, ·) converges. However, we have the following result, proved in [17] for a general compact manifold:
where the limit µ is in
for every ϕ ∈ L 1 (R) and m ∈ C T d . In addition, as one can check by taking limits in equation (6) , the invariance property satisfied by semiclassical measures corresponding to sequences of eigenfunctions also holds in this more general setting. Invariance. For a.e. t ∈ R, the measure µ (t, ·) is invariant by the geodesic flow on
See also [17] for a proof in a more general context. In that reference, a characterization of the propagation law for these measures in the class of compact manifolds with periodic geodesic flow (the so-called Zoll manifolds) was given. In fact, a formula relating µ and µ 0 exists: µ (t, ·) equals the average of µ 0 along the geodesic flow for a.e. t ∈ R (which is well-defined due to the periodicity of the geodesic flow); note, in particular, that µ is constant in time. This fits our setting when d = 1; but when d ≥ 2, the dynamics of the geodesic flow in the torus are more complex than those in Zoll manifolds. In both cases, the geodesic flow is completely integrable. However, the torus possesses geodesics of arbitrary large minimal periods, as well as non-periodic, dense, geodesics. It will turn out that this added complexity will have an effect on our problem. However, there is still a class of sequences of initial data for which the measures µ and µ 0 are related by an averaging process. More precisely, µ is obtained by averaging µ 0 when the initial data do not see the set of resonant frequencies:
Proposition 1 (Non-resonant case, [17] Proposition 10) Suppose µ and µ 0 are given respectively by (7) and (4) for some sequence
Note that in this case, any limit (8) of the densities |e it∆x/2 u h (x) | 2 is a constant function in t and x. 4 The role of resonances. Therefore, all the difficulties in analysing the structure of µ rely on understanding its behavior when µ 0 actually sees the set of resonant frequencies Ω. Given ξ 0 ∈ Ω, in [17] , Proposition 11, sequences of initial data (u h ) and (v n ) are constructed such that both have |ρ (x)| 2 dxδ ξ0 (ξ) as a semiclassical measure. However, when ρ ∈ L 2 T d is invariant in the ξ 0 -direction, the corresponding limits (7) of the evolved Wigner distributions are, respectively,
, and 1
Two conclusions can be extracted from this fact: (i) The measures µ (t, ·) may have a non-trivial dependence on t, which is not directly related to the dynamics of the geodesic flow and, most importantly, (ii) the measure µ 0 corresponding to the initial data no longer determines uniquely the measures µ (t, ·) corresponding to the evolution.
The structure of µ is therefore much more complex when µ 0 sees the set of resonant frequencies; before stating our main result, let us introduce some notation.
We define set W of resonant directions in R d as follows. Consider the subset Ω 1 ⊂ Ω consisting of simple resonances (that is, Ω 1 is formed by the ξ ∈ Ω such that λξ ∈ Z d for some real λ = 0). Consider the equivalence relation ∼ on Ω 1 \ {0} defined by x ∼ y if and only if x, y ∈ Ω 1 \ {0} lie on a line through the origin. Define W as the set of equivalence classes of ∼. In other words, W is the subset of the real projective space RP d−1 obtained by projecting Ω 1 \ {0} ⊂ R d using the canonical covering projection.
For each ω ∈ W define,
This is the (closed) geodesic of T d issued from the point 0 in the direction ν ω . There is a bijection between W and the set of closed geodesics in T d that pass through 0. In what follows, L 2 (γ ω ) will denote the space of (equivalence classes of) square integrable functions on γ ω with respect to arc-length measure.
Given ω ∈ W, we shall denote by I ω ⊂ R d the hyperplane through the origin orthogonal to ω. The structure of the measures µ (t, ·) is given by the next result (in Theorem 9 in Section 3, we precise the nature of the propagation law for µ (t, ·)).
with semiclassical measure µ 0 . Suppose that (7) holds for some measure µ. Then, for a.e. t ∈ R,
where ρ t ω , for t ∈ R and ω ∈ W, is a signed measure concentrated on T d × I ω whose projection on the first component is absolutely continuous with respect to the Lebesgue measure. Moreover, the measure ρ t ω follows a propagation law related to the Schrödinger flow on L 2 (γ ω ), and can be computed solely in terms of ρ 0 ω , which is in turn completely determined by the initial data (u h ).
Note that the sum ω∈W ρ t ω is concentrated on T d × Ω, and, as we shall prove in Theorem 9, ρ t ω is related to the trace of a density matrix in L 2 (γ ω ) evolving according to the Schrödinger equation on γ ω . The measure ρ 0 ω will be obtained as the limit of a new object, the resonant Wigner distribution of the initial data u h , which describes the concentration of energy of the sequence (u h ) over T d × Ω at scales of order one. We introduce its definition, along with a description of the properties that are relevant to our analysis in the next section. Let us just mention that the resonant Wigner distribution may be viewed as a two-microlocal object, in the spirit of the 2-microlocal semiclassical measures introduced by Fermanian-Kammerer [7, 8] , Gérard and Fermanian-Kammerer [9] , Miller [18] , and Nier [19] .
In particular, ρ
The condition for ρ 0 ω to be zero is the following (see Proposition 12 in Section 4).
Suppose that ρ t ω are given by formula (10) . If (u h ) satisfies:
where ν ω ∈ ω is a unit vector, then ρ t ω = 0 for every t ∈ R.
Using this characterization, we are able to describe the propagation of wave-packet type solutions, see Proposition 13 in Section 4. We also give there an example of sequence (u h ) for which some of the ρ t ω are non-zero. As a consequence of formula (10) we prove in Section 3 the following result for the position densities (2).
Corollary 3 Let d = 2 and (u h ) be a bounded, h-oscillating sequence in L 2 T 2 with a semiclassical measure µ 0 . If µ 0 ({ξ = 0}) = 0 then, up to some subsequence, for every ϕ ∈ L 1 (R) and m ∈ C T 2 ,
is absolutely continuous with respect to the Lebesgue measure in T 2 .
This result is somehow related to the analysis of dispersion (Strichartz) estimates for the Schrödinger equation. For instance, when d = 1 we have the following inequality due to Zygmund [20] :
for some constant C > 0 (note that e it∆/2 is 2πZ-periodic in t). This estimate implies that for d = 1 any limit of averages in time of the densities (2) is absolutely continuous with respect to Lebesgue measure (and is in fact an L 2 (T)-function). However, as shown by Bourgain [1] , estimate (11) fails when d = 2; although a version of (11) with a loss of derivatives does hold. Therefore, the result given in Corollary 3 supports in some sense the possibility that an inequality such as (11) holds on T t × T 2 x in some L p -space with 2 < p < 4. The present analysis can be extended to more general tori and Schrödinger-type equations arising as the quantization of completely integrable Hamiltonian systems. These issues will be addressed elsewhere.
The resonant Wigner distribution 2.1 Preliminaries and definition
Let ω ∈ W be a resonant direction; as before, denote by I ω ⊂ R d the linear hyperplane orthogonal to ω. Then there exists a unique p ω ∈ ω ∩ Z d such that:
(i) the (non-zero) components of p ω are coprime;
(ii) the first non zero component of p ω is positive.
Moreover, since Bezout's theorem ensures the existence of c ∈ Z d satisfying p ω · c = 1, we have that for any given n ∈ Z there exists at least one k ∈ Z d such that k · p ω = n. In other words, the set of orthogonal projections onto ω of points in Z d consists of the vectors n/ |p ω | ν ω for n ∈ Z. Note that, in particular, the sets
are non-empty. It is not difficult to see that ω Proposition 4 For p ∈ Z, denote by Z p := Z/pZ the group of congruence classes modulo p. The map:
is well-defined and bijective. Moreover, the map h :
is a well-defined group homomorphism whose kernel is ω
The geodesic γ ω , passing through 0 and pointing in the direction ω, has length 2π |p ω |. Therefore, it can be identified to T ω := R/ (2π |p ω | Z) in such a way that arc-length measure on γ ω corresponds to a (suitably normalized) Haar measure on T ω . The functions:
for an orthonormal basis of L 2 (γ ω ). For n, m ∈ Z, we shall denote by φ ω m ⊗ φ ω n the operator on L 2 (γ ω ) given by:
, the space of linear bounded, compact and trace-class operators on L 2 (γ ω ), respectively.
We write:
consider on each {ω} × I ω the topology induced by R d and endow J with the disjoint union topology. To every (ω, ξ) ∈ J we associate the vector spaces L L 2 (γ ω ) and K L 2 (γ ω ) ; this defines vector bundles over J :
Let us denote respectively by X (J ) and X 0 (J ) the spaces of continuous, compactly supported, sections of the bundles π L and π K . That is, k ∈ X (J ) whenever k (ω, ξ) ∈ L L 2 (γ ω ) for every (ω, ξ) ∈ J and k (ω, ·) is continuous, compactly supported, and non-zero for at most a finite number of ω. Similar considerations hold for the elements of X 0 (J ). The dual of X (J ) (resp. X 0 (J )) will be denoted by 
is positive and Hermitian whenever b ∈ C c (I ω ) is positive. The Appendix provides background material, additional details and references on operator-valued measures.
The resonant Wigner distribution of u ∈ L 2 T d , is defined as:
Clearly, R h u ∈ X ′ (J ).
Boundedness and convergence
Our next result shows, in particular, that
which is positive if b is non-negative. In addition, we have the following bound:
In particular, R 
The operator K b is bounded, since:
This quantity is positive whenever b ≥ 0 and b ≡ 0. Therefore, for such b the operator K b is Hilbert-Schmidt (and hence compact), Hermitian and positive. Thus, it will be trace-class as soon as its trace is finite. This is clearly the case, since
For a general b non necessarily positive, the result follows by expressing b = b + − b − and applying the above estimate to each term separately.
Then, there exists a subsequence (u h ′ ) and a finite measure µ R ∈ X ′ 0,+ (J ), such that, for every ω ∈ W and b ∈ X 0 (J ):
Moreover, the total mass of µ R (ω, ·) satisfies:
and, due to the structure of R
Proof. Estimate (13) implies that each R h u h (ω, ·) is uniformly bounded in the space
may be identified to the cone of positive elements of the dual of C c I ω ; K L 2 (γ ω ) , statement (14) follows from the Banach-Alaoglu theorem and a standard diagonal argument. Finally, the bound on the total mass of µ R (ω, ·) is a consequence of estimate (13),
In what follows, we shall refer to a measure µ R ∈ X ′ 0,+ (J ) obtained as a limit (14) as a resonant Wigner measure of the sequence (u h ).
As we mentioned in the introduction, resonant Wigner measures are closely related to the two-microlocal semiclassical measures introduced in [7, 8, 9, 18, 19] . However, our definition of the resonant Wigner distribution gives rise to a global object (see the discussion in [7] , p. 518); moreover, resonant Wigner measures describe the energy concentration (at scales of order one) of the sequence (u h ) on the non-smooth set T d × Ω in phase space.
Additional properties
Our next result is a manifestation of the two-microlocal character of resonant Wigner measures. It characterizes the sequences (u h ) for which µ R is identically zero.
Proposition 7 Let (u h ) be h-oscillatory and suppose that (14) holds for the sequence (u h ). Given any ω ∈ W, one has µ R (ω, ·) = 0 if and only if:
Proof. Let N ∈ N and denote by π N the projection in L 2 (γ ω ) onto the subspace spanned by φ ω j 0≤|j|≤N
. Then π N is compact and
Therefore, for every ϕ ∈ C c (I ω ),
Since (u h ) is h-oscillatory, we can suppose without loss of generality that there exists R > 0 such that u h (k) = 0 if |hk| > R. Now suppose µ R (ω, ·) = 0; by taking ϕ (ξ) = 1 for |ξ| ≤ R in (16) we conclude (15) . Now suppose that (15) holds. Then tr π N Iω ϕ (ξ) R h u h (ω, dξ) = 0 for every ϕ ∈ C c (I ω ) and every N > 0. By letting N tend to infinity we conclude that tr Iω ϕ (ξ) µ R (ω, dξ) = 0, which implies, since ϕ is arbitrary, µ R (ω, ·) = 0. Since the energy of sequence (u h ) may concentrate on I ω at scales larger than one, typically the restriction to I ω of the semiclassical measure of (u h ) is larger than tr µ R (ω, ξ). This is the content of our next result.
Proposition 8 Let (u h ) have a semiclassical measure µ 0 and satisfy (14) . Then, for every non-negative ϕ ∈ C c R d and every ω ∈ W,
Proof. Consider the projector π N defined in the proof of Proposition 7. For every ϕ ∈ C 
Therefore, if in addition ϕ is non-negative,
taking limits as h → 0 + we get, for every N > 0:
Letting N → ∞ and using the density of
we conclude the proof of the proposition.
Resonant Wigner measures and the Schrödinger flow
Before stating our main result, we need some more notation. Given ω ∈ W, denote by L ω the length of γ ω , equal to 2π |p ω |. There is a well-defined extension operator E ω from the space of
With that normalization, it is not difficult to check that
Moreover, E ω f is invariant by translations along vectors orthogonal to ω.
The following is a reformulation of Proposition 15 from the Appendix in our setting. Let
for f ω ∈ C (γ ω ) and ϕ ∈ C c (I ω ) are positive andρ ω (·, ξ) is absolutely continuous with respect to arc-length measure ds in γ ω . Clearly, γωρ ω (ds, ·) = tr µ R (ω, ·).
We shall say thatρ ω is the trace density of µ R (ω, ·). Let ∂ 2 ω denote the Laplacian in γ ω (with respect to the arc-length metric, that is, when γ ω is identified to R/ (2π |p ω | Z)).
The next result complements Theorem 2.
Theorem 9 Let (u h ) satisfy the hypotheses of Theorem 2. Then the measures ρ t ω ∈ M T d × I ω , ω ∈ W, t ∈ R, appearing in formula (10) are uniquely determined by the initial data (u h ) as follows. Let µ 0 R ∈ X 0,+ (J ) be a resonant Wigner measure corresponding to (u h ). Let µ t R ∈ X 0,+ (J ), t ∈ R, solve the density matrix Schrödinger equation:
Letρ t ω be the trace density of µ
In particular, each ρ t ω (·, ξ) is absolutely continuous with respect to Lebesgue measure in T d , has zero total mass and is invariant under the geodesic flow.
Before giving the proof of Theorems 2 and 9. we shall first need some preparatory lemmas.
Let
Lemma 10 For every (ω, ξ) ∈ J , the operator k a,ϕ (ω, ξ) is a Hilbert-Schmidt operator on
In particular, k a,ϕ ∈ X 0 (J ).
Proof. A direct computation of the Hilbert-Schmidt norm gives:
since, for every fixed l = 0 the map that associates n ∈ Z to l(l |p ω | 2 + 2n) ∈ Z is injective. Therefore, summing in ω gives the estimate (20) .
for some constant C a,ϕ > 0.
Proof. Let ϕ ∈ S (R) and take a ∈ C ∞ c T * T d such that a 0 ≡ 0; from formula (3) we deduce:
This expression can be written as:
since, recall a 0 ≡ 0, and, by definition, the lines ω ∈ W do not contain the origin. Now, for ω ∈ W fixed, the sum in k − j ∈ ω in (21) may be rewritten in terms of the parametrization introduced in Proposition 4 to give:
where, for ω ∈ W and [c] ∈ Z |pω | 2 we have set:
Notice that the reason for (22) to hold is that the condition k − j ∈ ω results in the fact that k, j can be written as k = m |pω| ν ω + r and j = n |pω | ν ω + r for a unique (m, n, r) ∈ [c]∈Z |pω | 2 C ω, [c] . Comparing (22) with the expression (12) defining the resonant Wigner distribution of u h we find that :
where:
Let us estimate the remainder term. First note that:
Proceeding as in the proof of Lemma 10, we use (23) to estimate:
is finite.
Therefore:
and the result follows.
Proof of Theorems 2 and 9. Suppose that R (20) we have that:
Applying Lemma 11 we obtain:
where a (ξ) := (2π)
Therefore, it only remains to identify the term involving the resonant Wigner measure µ 0 R . Simple inspection gives:
where ∂ 2 ω denotes the Laplacian on L 2 (γ ω ) and
Note that µ
Given k ∈ Z d , let ω ∈ W be the unique resonant direction such that k ∈ ω. In view of (24), (25), (26), we have that, for a.e. t ∈ R the k th Fourier coefficient of µ (t, ·) is given by:
The trace density of µ t R (ω, ξ) is precisely the measurẽ
we find that
and identity (10) follows. The proof of Corollary 3 is an easy consequence of formula (10) and the properties of resonant Wigner distributions. Proof of Corollary 3. The weak form of Egorov's theorem proved in [17] , Theorem 2 (ii), gives in this case:
for every b ∈ C c R 2 and a.e. t ∈ R (this can also be directly deduced from equation (6)). Identity (28), together with our hypothesis µ 0 ({ξ = 0}) = 0 implies µ (t, {ξ = 0}) = 0 for a.e. t ∈ R. Notice that since d = 2 the lines I ω only intersect at the origin. As a consequence of this, we deduce that
Let ν 0 := (2π)
T 2 µ 0 (dy, ·) , then we obtain from formula (10) the following expressions:
Recall that all the measures involved in the right hand side of equation (29) are mutually disjoint.
In particular, the fact that µ (t, ·) ≥ 0 for a.e. t ∈ R implies that ρ t ω + ν 0 ⌉ Iω ≥ 0 as well. Theorem 2 shows that the projection on T 2 of every ρ t ω + ν 0 ⌉ Iω is absolutely continuous with respect to the Lebesgue measure. Therefore, the monotone convergence theorem ensures that R 2 µ (t, ·, dξ) is also absolutely continuous with respect to the Lebesgue measure for a.e. t ∈ R. The result then follows applying identity (8).
Additional properties and examples
The following is a direct consequence of Proposition 7 and Theorem 9.
Proposition 12 Let (u h ) be an h-oscillating sequence such that (7) holds. If in addition, one has lim
for some ω ∈ W then the corresponding term ρ t ω in (10) vanishes identically.
As an example, we shall apply Proposition 12 to analyse the propagation of wave-packet type solutions to the Schrödinger equation in this context. Given ( 
It is not difficult to prove that Proposition 13 Let µ be the semiclassical measure given by the limit (7) corresponding to the initial data c h (x0,ξ0) . Then, for almost every t ∈ R,
Proof. Let ω ∈ W; if ξ 0 / ∈ I ω then ρ t ω = 0; therefore we may suppose that ξ 0 ∈ I ω . The conclusion will follow as soon as we show that ρ 
dx.
Applying Plancherel's identity, we get, after changing variables and taking into account that ξ 0 · p ω = 0,
where w h (ξ) := χ N ξ/ √ h ρ (ξ). The functions (1 − h∆ ξ ) s/4 w h are uniformly bounded in S R d , and supported on the strips S h := ξ : |ξ · p ω | ≤ 2 √ hN . Taking for instance s/4 ∈ N, we find that, for every ε > 0 there exist R ε > 0 such that:
This expression tends to ε as h → 0 + . Therefore, as ε is arbitrary, Proposition 12 ensures that ρ t ω = 0, and the conclusion follows.
If instead we consider the purely oscillating profiles u h (x) defined as the periodizations of:
ρ (x) e iξ0/h·x , with ξ 0 ∈ Ω a simple resonance (i.e. such that λξ 0 ∈ Z d for some λ ∈ R \ {0}) we find that some of the terms ρ t ω are non-zero. More precisely, write ρ per to denote the periodization of ρ and set, for f ∈ L 1 T d :
where L denotes the length of the periodic geodesic issued from (x, ξ 0 ). We have the following.
Proposition 14
Let ξ 0 ∈ Ω \ {0} be a simple resonance. The the semiclassical measure µ given by (7) corresponding to the initial data u hn , where for simplicity we have taken ξ 0 /h n ∈ Z d , is given by:
is in L 1 (T ) as we wanted to show. Finally, to see that ρ µ = 0 implies µ = 0 simply take f and ϕ non-negative in formula (31). As the left hand side is zero, all λ j must vanish, that is µ, ϕ = 0. Since ϕ is arbitrary, we must have µ = 0.
